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Throughout this analysis, please refer to Figure 1 for voltage polarities, sign conventions, etc. The self-
inductances of the windings are assumed to be negligible for this analysis.

Figure 1. A diagram of a brushless DC motor

Formulation of non-sinusoidal winding EMF’s and torques

Many times when analyzing brushless DC motors, we assume many things about the motor. For
example, we’ll often begin assuming the motor winding EMF’s and torque profiles are given by:

gx=k,0sin(6) [1.1]

g5 =kOsin(6+120) [1.2]

gc =kdsin(6+ 240) [1.3]
and:

T, =ki,sin(9) [1.4]

T, = kig sin(6 + 120) [1.5]

T, = ki sin(6+ 240) [1.6]

The above equations assume the motor is perfectly symmetric, and is “sinusoidal.” But let’s assume the
motor winding EMF’s and torque profiles are not sinusoidal. A much more general way of expressing
them is as follows:
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ea=ko-p(9) [1.7]

g5 =k o p(0+120) [1.8]

gc =kg- p(6+240) [1.9]
and

T,=ki, p(9) [1.10]

T, =kig - p(0+120) [1.11]

T, =kic - p(6+240) [1.12]

where p(@) is a periodic function of period 27 and with zero average. Note that we are still enforcing

a type of symmetry by assuming each of the three windings are 120 degrees apart. However, the shape
of the curves is arbitrary, as long as they have a period of 27 .

We can express p(@) in terms of its Fourier series:

p(@):nio;ansin(ne)ern coy{nv) [1.13]

Note that in this form, each winding curve (EMF and torque) can be described in an infinite number of
ways. Toillustrate, we expand [1.7] using [1.13]:

£, =0 k,asin(6)+kb, cogd)+ka, sif 2)+kb, cos @)+ ] [1.14]
If every Fourier coefficient was increased (multiplied) by some constant factor, « , and kv was
decreased (divided) by the same factor, &, would remain the same. What we’d like is for K, and K, to
define the “size” of the winding EMF and torque curves, and for the Fourier coefficients in [1.13] to
define the “shape” of the curves. This requires us to in some way normalize p(@) . One (but by no
means the only) way to do this is to impose the constraint:

a=1Db=0 [1.15]
Actually, this is two constraints, and it does more than normalize the “size” of p(@) - it also normalizes

its phase (which is fine for this analysis).

Determining Average Motor Torque from an (almost) Arbitrary Winding
Current Waveform
Assume that a non-sinusoidal motor is being driven by a motor controller employing an unidentified

commutation scheme. All that is available is experimental winding current data. This analysis will
assume the winding currents are of the form:

i,=0q(9) [1.16]
iy = q(9+120)) [1.17]
i = q(9+ 2403) [1.18]
where,
q(0) = icn sin(nd) +d, co{nd) [1.19]
n=1
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The implicit assumption built into these equations is that each of the three winding currents look exactly
the same (in shape and amplitude), but are just shifted by 120 degrees from one another. In general, it
is up to the motor controller to ensure this requirement is met. Also, note that in order to satisfy
conservation of current, the following must hold:

iy +ig+ic =0 = q(0)+q(0+120)+q(6+ 240)= [1.20]
It’s not obvious whether this is true for the most general form of q(@) . Solet’s take a look. Note the
following:
q(0)+q(0+120°)= c, sin(nd)+d, co$n9)+icn si(1n9+n~ 12’()+ d, c§99+n~ 1?))

SR

cn sm (no +sm(n0+n 126)] [ cognd) + cc(m9+n~ 129)}

{n sm (n6)+sin(no) cogn- 120)+ cqed) s(m- 1?))} } [1.21]
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[cn+c cos(n 126 -d, snﬁn 12?))} sifn0)+[cn s(m~ 12))+dn+dn ((crs f;ﬁ) t08)
{n L+cogn: 126 ~d, sifn- 12’0)} si(”n0)+{(:n s{m- 12§)+dn[ +1 dos f;ﬂ)} (u2)
{cn [1+ cos(n~ 240)}+dn si(1n~ 24()} s(m0)+{—ch s(rm~ 291))+ dn[ +1 c((ms 2}]}

Rearranging, we see that:
. {—cn [1+cos(n- 240)J—dn sifin- 241)} simo) +
-la(0)+a(0+120) |=>" [1.22]
[ ( )J nzl{cnsin(n-24(?) [H cofn- 24?)]} c¢s0)

=S[c cog(n- 246)—-d_ sifin- 240 simo)+[c. sim- 29p+d 2

3[c,coqn- 240)-d, sifn- 24)] sino)+[c, spn- 2Aped, px AY fng)
Seeing that [1.22] and [1.23] are both in the form of a Fourier series, we can compare their Fourier
coefficients. And we see by inspection that in order for _[q(g) +q(g +1203)J to equal q(@ + 240)), the

[1.23]

following must be satisfied:

c, [1+ cogn- 246)] =-c, cofn- 249

[1.24]
= C [1+ 2cogn- 246)]: 0

and

d - 240) | = - - 24
n[1+ cogn- 24 )] d, cofn- 249 s
= d,|1+2coqn- 248)|= 0

The quantity [l+ Zcos(n- 246)] equals zero for n=1,2,4,5,7,8,.. Butitis nonzero (equal to 3)

for N=3,6,9,.. So the only way to satisfy [1.24] and [1.25] for N=3,6,9,.. is for:
c,=d,=0; n=3,6,9,.. [1.26]
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What this means is that by assuming the winding currents satisfy [1.16] through [1.18], we are actually
imposing constraints on the function q(@) .

Using [1.16] through [1.18] for the winding currents, the average torque produced over one motor
revolution is given by:

7 :z_tzszti“' p(0)+Kis - p(0-+120°)+Ki, - p(0+ 2468)d0

[1.27]
kt 27
=§£q(0)- p(0)+q(0+120)- p(6+126)+q(0+ 246)-p(0+ 24Ydo
Replacing p(@) with its Fourier series representation:
_icnsin(n9)+dn cos(n(9)~iah siind)+h, cognd)+ ]
|7 = ) [1.28]
f:zﬁj chsin(n9+n~12(9)+dn co$n9+n~ 12@~Zan si(‘n9+n~ 129)+h1 c(1$9+n~ 1@& de
7T 9| n=t n-1
icnsin(n9+n~24(9)+dn cognd +n- 24@~iah sfno+n- 249+b, cpw+n. 20
Ln=l n=1 i

Using some orthogonality identities (see Appendix A) and a bunch of other tricks to simplify, this
becomes:

)

ca, sinz(nH)Jricnan sirf(ng+n- 12(9)+icnan sif(ng+n- 249+
n=1 n=1

T“:izf i i ! do
27 > d.b,cos (n9)+ d.b, cod(nd+n- 120)+> d,b, ca{no+n. 24p
K % cnan[sinz(nH)Jr sif (no+n- 126) + sif(no +n- 24?)]+
_Egnz:;‘ dnbn[co§(n9)+ cod(ng+n- 120)+ cdgno+n- 24@)}
« < cgj[sin%n@)mirﬁ(n@m-126)+ sif(no+n- 248 |do + [1.29]
= 2 o
27 dnbnj[co§(n9)+ cod(nd+n- 120)+ cdgno+n- thﬂde
= %g (3zc,a,+37d b))
3

Expanding the summation and imposing the necessary constraints on p(@) described above, this

becomes:

-I::%(Cl"'czaz"'dzbz"'cztaﬁ'dp4+C§5+d Q5+C a 7"'d b 7") [1.30]

A huge amount of information is contained in this equation:
1. If the motor is a sinusoidal motor (&, =b, =0 ; n=2,3,4,..), then the average torque

produced by the motor is simply proportional to the first Fourier sine coefficient of the current
waveform, C, (i.e. the fundamental component of the winding current that is in phase with the

winding curves). The type of commutation is irrelevant.
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B 3
sine motor: kt CJ

- 2
2. If the winding currents are sinusoidal (C,=d =0 ; n=2,3,4,..), then [1.30] reduces to the

very same equation as above.

T :%c:

sine_current 2

3. Inthe case of a non-sinusoidal motor and a non-sinusoidal winding current, the average torque
produced can be more than, equal to, or less than what would be predicted by only accounting
for the first (fundamental) Fourier component of current.

Constant-Current Trapezoidal Commutation

The current in winding A is forced to be:

Hy 30° <6 < 150
=q(0)={0 ; 150<6< 218 ,330<0< 3K
—iy 210 <6< 330
The Fourier sine coefficients are given by:
1 27 15¢ 336
C, :—IiAsin(nH)dH— { I ip sin(ng)dé + I (—io) sin(ng)de
% 21¢

| rfpsm(ne)de ?T? sm(n@)d@}

el
- ffcos(r) |17, [ cotra) .7 |

{[cos(neﬂ 1

o3 b o) oo
s £} ohi) )|

33¢

—[—% co(n@)}

210

&4

a|_ 2k 3k gl

This simpllfles to:
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23,

; n=11113,23,25,.

Nz

c = 23, . n=5,7,17,19,29,3L,
Nz
0 X < all othern >

The cosine coefficients are given by:
15¢ 336

:%TiAcos(ne)de_ |:II cogné) d0+f i co(sn@)d@}

218
150

o ﬁoocos(ne )dé - T? coin@)d@} ;{E silﬁnﬁ)}

338
kLo 214 218

[l L) [ |- o)< a2 O
el oo o) 45
o)t

Noting that:
Y4 V4 V4
Nn—=nlz7——|=nNz—N—

- H siﬁn@)}

lod

|
nz

6 6 6

and

T [ 7[} T
Nn—=N|7+— |=Nx+N—
6 6 6

We can write

O R G L G|
| sntemyeof 0 ) e sl st cfe)e ) fof ]
- & Lcosr) {0 |+ cogne) sin ]|
- cotor {02 o]

With the Fourier coefficients of the trapezoidal winding current now known, we can plug them into
[1.30] to determine the average torque for trapezoidal commutation:

2 _%(2f3.io_zf3ioas_ 2/—3i0a7+ z*faioa1+ 73, 3, {;031&"'] [1.33]

a9 T 5z r 1z % 13 ® 1F

This simplifies to:
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T ——m‘io(l—%—ﬁ+&+aﬂ Ay a19+.--j [1.34]

trap — PP EEPY
h T

5 7 11 13 17 19
A typical “trapezoidal wound” motor has winding curves with &, ~ 0.07, a, ~ 0.023 (higher frequency

coefficients fall off quickly, and their torque contributions are even further attenuated in the formula
given in [1.34]). Plugging these two values into [1.34] and neglecting all higher terms, the average
torque for a typical motor is:

cNES

T

Ttrap Jtypical

~0.983

i [1.35]

Determining Average Motor Torque from an (almost) Arbitrary Drive Voltage
Waveform
Assume the motor controller forces the drive voltages to be of the form:

Ve =V,a—V; =v(0) [1.36]
Voo =V =V, =v(0+120°) [1.37]
Vea =V -V, =v(0+240) [1.38]
Where:
v(@):ign sin(ng)+h, co{nv) [1.39]
n=1
By the way, note that the negative of the summation of [1.36] and [1.37] yields:
V.-V, = —[v(9)+v(9+1203)] [1.40]

Comparing this with [1.38], we realize that in order for [1.36] through [1.38] to be satisfied, the
following relation must be true:

v(9+ 2403) = —[v(@) +v(9+ 12(9)] [1.41]

This is the same scenario we had while deriving torque due to an arbitrary current waveform, and
borrowing from that section, we know that:

g,=h,=0;n=3,6,9,.. [1.42]
As was the case before, this means that by assuming the drive voltages satisfy [1.36] through [1.38], we
are actually imposing constraints on the function V(H) .

Performing KVL from the A phase to the B phase (neglecting the winding inductance for now):

Ve =1,R+e,—65—13R [1.43]
And from phase B to C:
Voo =igR+ 65 —6. —IcR [1.44]

Since the drive voltages and winding EMF’s are known, we rearrange these as follows:
Vg —Ext&g

Iy —lg :T [1.45]
i i :V—;RH (1.46]

These two equations combined with conservation of current,
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[1.47]

Iy +ig+ic =0
form a system of three equations with three unknowns (the winding currents). Solving the system
yields:
i - Ng +Vge — 28, + 85 +&¢ [1.48]
3R
i - Vg +Vge 65— 285 + 5. [1.49]
3R
i = Vg =N +65+ 85 — 25 (1.50]
3R
Focusing now on iA, we plug in for the winding drive voltages and winding EMF’
20(60) +v(6+120)+k | - 20(6)+ p(0+ 120)+ p(6+ 249)|
i = [1.51]
) 3R
Replacing the functions V(6’) and p(6’) with their Fourier series representations
Zignsin(n6)+hn c0$n9)+ign sirﬁn6+n- 120)+hn C((sm@+n- 12§)+
iA:7 n=1 B} n=1 B} B}
3R { 2> a,sin(nd)+b, cognd)+ Y a, sifno+n- 120)+h, cdso+n- 12p->'a  g+n- 24a-b,  (os+n. 2
. Zggn sin(nd)+h, co$n6)+ggn sifnd+n- 12)+h, cdwd+n- 19p+
" ® K@{—Ziahsm nd)+b, cogno) iah sifné+n- 12)+b, cdso+n- 12§)+§;ah go+n- 2)ab,  (o+n. A
ig [Zsm (n6)+ sin(nd+n- 1200)}+hﬂ[2c0$n9 + cofd+n: 12’()}
{i 25|n n)+ si(nd+n- 120)+ sifno+n- 24T)J+b [— 2c¢s6)+ cpw+n- 16 fos+n. Q)Zﬁ
i .| 2sin(nd)+ sir(no) cogn- 120+ cdmd) fn- 12D+h[ Les)+ cognd) cofn- 120~ simo) s(m- 12p|+
1
3R kﬂi a“[ -2sin(ng)+ sind) cogn- 1)+ cqmo) sfn- 12 ¢imw) ¢os o (W (min )Z}LQ}
ni|b, [—2cos(n9)+ cognd) cofn- 120— sfnd) din- 120- ¢es) fos Q40 (s (rsin P}AO
[Zg +g, cogn- 120)—h, sifn- lZiﬂ simo) 4{ sim- 12p+ h2+h,  dos iﬂ) (oud) +
[1.52]

ips

== s {[ 23, +a,co{n- 120)+a, cofn- 24)-b, sm- 12p-b, {in 0 @w) }
a,sin(n-120)+a, sifn- 240)-2b, +b, cog(n- 120)+b, cofn- 24| cése)

1 {[29n+gncos(n-120)—hn sifn- 129]+k0[- g+a, cofa- 12pra, dos  2job, (sin  Y2on,  (sin O;z}}o (nélp+

[{[g sin(n-120)+ 2, +h, cofn- 129]+k 6| a,sin(n-120)+a, sifn- 2480)- B +b, cdm 12p+b, s 2’4}@} }

7ﬁn:l i . +
Now we have the winding current written as a Fourier series. Its Fourier coefficients are, by inspection
(Bin O?BO [153]

cn=%?{[29n+gncos(n-126)—h1 sifin- 12()]+K,6"[—é;+ah cgs: 12pra, dos  240b, (sin
{[gn(2+cos(n 120))—?\1 silﬁn- lﬂﬂ+k‘,é’[a“(— 2 c()s- 1?}% c(ans 2}})—1’.}1( (sin ‘i)ao (lsin ;E)d}}

os  ipob,  (cos fﬂ@o

= Hl

=31R{[gnsin(n-12(9)+ h +h, coén- 12{)]+K/6’[q1 s(m- 129’+6\1 s(in- Zﬁp_ b2 b, [1.54]
{[gnsin(n-12(9)+hn(2+ coén- lﬂ))}+l§,é’[a,1( s(m- 12§)+ s(in- 2°4»+bn(— +2 (:ns i)Z{) o0

Using [1.116] from Appendix A, this simplifies to:
i{[gn(2+ cog(n- 126))—hn sifin- 12?)}+K,0'aﬂ [— 2 cfa- 12p+  dos 2}}}

[1.55]

C =

n
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dn=3—1R{[gnsin(n~12(9)+m(2+ cogn- 12?))}+kvébn[— 2 céa- 12p+  dos 2}3(%

And using :

3 .
2+cogn- 120)=42 n=12,4,5748,.

3 ; n=3,6,9,..

Combined with the fact that we already know g, =h, =0 ; n=3,6,9,.., we can write:

c, = SlR{[ —h,sin(n- 12(9)}+kv0'ah[— 2+ cofn- 1)+ cds- 291))}}
dn=3—;{[gnsin(n~12(9)+*2hn}+kv9—bn[— 2+ cofn- 1)+ cds- Zﬁﬂ}

Also using:
n=12,4,57,8,.

COS(n.126)+ coén. 2@:{—21 , —n,_ééé ,

NE

— ; n=14,7,..
2

sin(n-lZd): —g ' n= 2,5,8,.

0 ; n=3,6,9,..
We can write:
1(3 J3 1 1
wI2P M 3'&93“] ;o n=147,. == fa, | ; n=147,.
SR[Z Rl 2 9, 2x/§hn k,0a,
¢ =13 +£3m 3k,0 . n=258, =421 +—hﬂ—kv9' ; n= 2,58
n — 3R2 an ’ = £,90,..= R 2gn 2\/5 aﬂ ! B A et
0 © n=36,9,. 0 ; n=3,6,9,.
1(+/3 3 - 1( 1 1 .
— |29 +°h -3k0 ; n=147,.. | Z[_Zg +=h - ; n=
3R[ > Ot =3, bn] [N_Sgﬁ h, K@bn] ; on=14,7,.
d—i—@ +§hﬂ—3kvéb ; n=258 = ]n kob, | ; n= 258
n 3R 2 gn 2 n ’ = &390, 2\/§gn ) = 1, Q-
0 : n=36,9,.. 0 ; n=3,6,9,.

[1.56]

[1.57]

[1.58]

[1.59]

[1.60]

[1.61]

[1.62]

With the Fourier coefficients of iA known, we can use [1.30] to determine average motor torque.

(Noticethat ¢, =d, =0 ; n=3,6,9,.., whichis required for [1.30] to be valid.)
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3 %[%91_%h_kﬂj‘*}[}gz*'?lhz_kvéazjaz"'fj(_?l?) z+7jhz_K/9-b2Jbz+*(*]gzx T Kﬁaj
2 1[]'g+h kﬂb] [g h kﬂa]a+J‘[ g+Jh kﬂb]
R(2/3™ PYE /3’
1 1 1 : . .
% [2 0, — 2\/5 J+[fgz+%hz—kﬂazjaz+[—73gz+éhfkV9b2Jb2+[Eg 4—73h4—kv9aJa +
R [2\])—394+ h, - Kabj [f;g5+2—}3h5—lg9a5ja5+[—7/l_3g5+Elh5—K9b5Jb5+--»

! j L j 1 ao . 1 1 .
0 hkO+ 0.8, ha,kbah—— g b kOt g @ m—tha ok da
291 2\/§hl K, +zgzaz+2\/—3 A=K 0a5 2/—39]?2"'2 b~ kob%+ 29@4 23 a rkoa i

3
T2R| 1 1 2o 1 1 : 1 :
27\/5 gAbA +5 h4b4_ Kngi +7295a5+ﬁh@5_ kvgazs_ ng p st Elh p 5 Kng25+
1
3k( *(g1+gzaz+h2b2+gz!a4+hp4+g@5+hp5+'”)+
2R

S5 R0 a g ba a0 b ) ~kA(lratsbira b a b )

Rewriting in its final form, we have:

1
T= 3K (gl+gza2+hzbz+g@4+hp4+g §5+hps+"')+ [1.63]
2R

2I( h+ha,-gb,~ha,+gb+hasgbsr)-ko(1+a’+b’ra’+bira’sbiy )

for a motor with fully symmetric winding curves (i.e. p(@) is odd and symmetric about 77/ 2), this

further simplifies to:

° 3k | 1 1 .
Tsym_motor: Z_IiRt|:_2(g tgagt- ) +2_\/:—3(—h it h g st ) — kV9 (1+ a.25+ .. ):| [1.64]

Note that this analysis has neglected the effects of the winding inductance. Appendix D contains a more
complex analysis for arbitrary drive voltages, taking into account the winding inductance.

Pseudo-Sinusoidal Commutation

The MSL motor controller does not implement true sinusoidal current commutation, in that it does not
force the winding currents to be sinusoidal. Instead, it drives the motor with sinusoidal voltages that
would result in sinusoidal winding currents in the case of a truly sinusoidal motor. In the case of a non-
sinusoidal motor, the actual winding currents are distorted.

First, let’s derive the voltages used to drive the motor. (We know they will be sinusoidal, but their
phases are not obvious.) Performing KVL from the A phase to the B phase:

V,-V; =i,R+e,—65-13R [1.65]
Assuming a sinusoidal motor, the winding EMF’s are given by [1.1] through [1.3]. And since we are

trying to solve for the voltages needed to make the winding currents sinusoidal, we assume sinusoidal
forms for them:

V,—V, = I sin(9) R+k,0 sin(0) -k 0 si{6+ 120)-1 sif+ 12YR
= RI[sin(0)-sin( 126) |+ k| sifo)- sifo+ 129 | [1.66]
= (RI + kﬂ')[sin(e)— sin( 12@)]

Noting that:
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sin(6) - sin(6+ 126) =/ 3sifg - 39 [1.67]

We can write:

V,—Vs =V3(Rl +kg)sin(6 - 30) [1.68]
Similarly, we find that:

V.~V =V3(RI +kg)sin(6+ 30) [1.69]
We can arbitrarily decide to let V, be our ground reference:

Vasine=0, [1.70]
which means:

Va.sne = —V3(RI +Kk,0)sin(0 - 30) [1.71]

Ve ane = —V3(RI +k0)sin(¢ + 30) [1.72]

The amplitude of these sinusoids represents the amplitude required to drive a particular sinusoidal
motor at a given speed. In practice, the drive voltage amplitude is decided by the motor controller
(either specified by the user, or by some other control loop). Therefore, we’ll rewrite the voltages as
simply:

Vi ane = —V/3V,sin(@ - 30) [1.73]
Ve gine = —VV,sin(6 + 30) [1.74]

The reason for keeping the \/':’: will become apparent down the road.
With the sine drive voltages now known (specifically their phases), we turn back to a non-sinusoidal
motor. We want to determine what the winding currents will look like, since we know they will not be
purely sinusoidal. Rewriting [1.65], we get:

Vi sne—Eg T €A

VB,sine:8B_8A+R(iB_iA) = iB_iA:BYSineT [1.75]
Doing the same (KVL) from phase C to A:
. .. Vege—6EcteE
Vesine= &c —€at R(ic —ia) = ic —i, == RC ’ [1.76]
These two relations along with the obvious conservation of current:
iy +ig+ic =0 [1.77]

yield a system of three equations in three unknowns (the three winding currents). The solution to the
system is:

P _VB,sine_VC sine 2‘S‘A + &g + &c 1.78
A= 3R [1.78]

_ 2\/B,sine_VC ,sine+ Ep— 2‘88 + &c 1.79
Ig = 3R [1.79]
ic _ _VB,sine+ 2VC ,sine+ Ep + &g — 280 [1.80]

3R

We now have the winding currents in terms of the drive voltages (given by [1.73] and [1.74]) and the
winding EMF’s (given in general by [1.7] through [1.9]). Focusing now on iA, we can plug the drive
voltages and winding EMF’s into [1.78] to get:
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NEYA sin(@—3(9)+f?¢o sif0+ 30)— ROp(0)+kIp(0+ 129+kop(6+ 249
3R [1.81]
f&/o[sin(e— 3(?)+ sir(9+ 30)]+kvé[— P(O)+ p(9+ 12)()+ p(9+ 243()]
3R
Using [1.113] from Appendix A and writing p(6’) in terms of its Fourier series:

Iy =

—Zian sin(nd) + b, cognd) +
n=1

iA:V—F:sin(H)JrK’—g ian sin(nd +n- 126) +b, cofnd+n- 129+

3R| =

[1.82]
iansin(n9+n-24(?)+bn cognd+n- 24Y)
v, % w{ [ 2sin(ng) + sir(n6?+n- 12®)+ si|(1n6?+n- 24ﬁ]+}
—2sin(6) +
R 3R | [ 2cognd) + co§n6?+n-120’)+ cos(n0+n- 24@)]
Now making use of [1.109]:
 Voan(o)s e {a“[_zsin(na)+sir(n9) cofn. 1)+ sm- 130 o)+ ¢img) ¢os  2pe  (sin 02)40(@@;;]2}
R 3R |b,[-2cognd) + cognd) co- 120- sind) gin- 120 ¢os) (s 240 (sh) (rsin
Grouping the sin(né’) and cos(n@) terms:
iA=\gsin(9)+§“gi{ a,[-2+cofn- 120)+ cofn- 249] simo)+a,[ s(m 20 (;m. 2% @)+} [1.83]
w1 |b,[-2+cofn- 120)+ cofn- 249] cewd)+b,[- gin- T En YD (si)
=V°sin(z9)+K’9i[{a“[_2+ cogn- 126)+ cofn. 249]+b,[-sin(n-120)- sirfn- 240)]} si(1n€)+J
R 3R {a“[sin(n-lzd)+ sifn- 240)]+b,[- 2 cdn 129+ s Qz)ﬁ)}
Noting that:
sin(n-126)+ sir(n- 24@): 0V neZ [1.84]
This simplifies [1.83] to:
iA:—sm( " % w[ [ 2+cogn- 126)+ cofn- 24?()] s(mo) +} 5]
R 3R b[ 2+cogn- 120)+ cofn- 24)()] c6sd)

In order to make use of [1.30] to determine average motor torque, we must find the Fourier coefficients
of iA. In general, this requires us to perform the Fourier coefficient integral, but in this case, [1.85] is
already in the form of a Fourier series, so the coefficients can be written by inspection:

V, k@ :
E+%[—2+cos( 12®)+ coé 24)()] © n= 1

c =4 N [1.86]

kV—an[—ZJrcos(n- 12®)+ coén- 24’()] n= 2.3

and

d = [ 2+cogn- 120)+ cofn- 24’()] - 1,23 [1.87]

Taking note of the following pattern:

-12 of 24 -



-2+ cos(n- 12®)+ coém 249()

N OO O A W N | S
|
w

we can clean up [1.86] and [1.87]:

VO_kvg- . n:1
R )

c = —kV—:an . n=2,4,57,8,.

0 : n=36912,..
and
_Mbn ; n:1,2,4,5,7,8,--
d,=< R
0 ; n=36,912,.

We can now plug these Fourier coefficients into [1.30] to determine average motor torque:
7o MookO KO o KOy KO o KO KO o KO KO 2 KOV
R R R R R

2 R R R ? R
Rearranging slightly, the average motor torque is given by:

= 3k |(Vo—ko) k#
Tz%{[ 0 RkV ]—kva (aj+b22+a§+bj+a§+b§+a$+bf+~--)}

In the special case where p(6’) is odd, this simplifies to:

:xﬁvo—w‘

_kvg 2 2 2 2 2 2 2
oo 2 || R ] s (&rairalralralrajral-)

T
And if p(6’) is further constrained to be symmetric about E' [1.92] simplifies to just:

A

3 |(V,-ko 2]
T PE*Q):*P(Q; :%{L ° Rkv ]_k;% (ag+a72+a121+a123+af7+ai9+"')}

p(6)=p(7—6
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Deriving Winding Dissipation from an Arbitrary Winding Current Waveform
If winding current data is available, the average power dissipation in the winding resistance is given by:

1 27
zz—ﬁjR(i§+i§+i§)d9

0

b

diss,w

_ R g6 +a(6+120) +q(6+ 246)do
5. 14(6)

_nio; c,sin(nd)+d, cos(ne)}2 +

L n=1

0 2
>c, sin(n6’+ n- 24(?) +d, co§n6’+ n- 24@}
n=1

Again we use orthogonality to simplify this to:
icﬁ sin?(n0)+d? cos’(nd) +
n=1

2r ©
Pigw = 2—3 _! nz;cf sin®(ng+n-120)+d? co$(nd+n- 128+ do

ZC sin (n6’+n 240’)+d co§(n6’+n 24@

n=1

c [sinz(n9)+ sinz(n6’+n~ 12(3)+ siﬁ(n6’+n~ 24@J+
nid [cos"(né’)+ co§(n6’+n 120°)+ co§(n6’+n 246)}

s z.[[sm (n0) + sin (n6’+n 12(3)+ 5|ﬁ(n6’+n 24©Jd6’+

_ﬁz 0
- 2 ~ 2
d? j[cosz(n9)+ co§(n6’+n 12®)+ co?:{n6’+n 2@9)}
0
R 3R
ZZHZ;(Cf ~37r+dnz~37r):?;(cz+dn2)
Rewriting this in its final form:

Prow = (1 +)

7| o 2
:—ZI chsin(nHJrn-lzﬁ)ern co§n6’+n- 12@} +
0

do

[1.94]

[1.95]

[1.96]

Recall (as can be shown using similar methods as above) that the sum of the squares of the Fourier

coefficients is related to a function’s RMS value by:

i(a,erbf):Z-fRfv,S ; for f(8)= Zansm(nH)er cognd)

n=1 n=1
Rewriting the average dissipation in terms of the RMS winding current:

Isdisw =3 qFZQMS ‘R

[1.97]

[1.98]

Now that I’'m here, this should have been obvious —it’s the simple Joule heating relationship for AC

current (the factor of three is there to account for all three windings).
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Estimating Efficiency from Arbitrary Winding Current, Torque, and Speed
Waveforms
The motor efficiency is defined by:

P
n= __mech_output [1.99]

I:?nput
where By oupu denotes the mechanical output (shaft) power from the motor, and B, denotes the

total electrical power into the motor. All the input power must go somewhere — it can be stored (in the
motor), dissipated (as Joule heating, hysteresis loss, viscous drag, etc.), and/or transmitted as output
power:

P = E [1.100]

What we're really after is average efficiency more so than instantaneous efficiency. we’ll define it as
(note this is not the same thing as mathematically averaging [1.99]):

P
— fmech._output [1.101]
5}

input

+Pi +P.

motor diss mech__output

5

Realizing that the average rate of energy stored in the motor must be zero at steady state, we can plug

the average of [1.100] into [1.101] to eliminate F?nput (mainly because it’s difficult to measure):

A

P

mech_ output

~

P

h. [1.102]
diss + Pnech_output

A
Now we make an assumption that the average power dissipation is largely dominated by Joule heating
in the windings. In other words, we neglect other losses such as hysteresis loss, viscous drag, etc. In
practice for most motors, this has shown to be true. In this case, the dissipation is give by

equation [1.98].

Note that the mechanical output power is given by:

I:)mech_output =T-0 = Pmech_output ~T-0 [1.103]
If torque and speed measurement data is available, the motor efficiency is given by:
. T-6
U P [1.104]
3 Qs R+T-0

Now we will examine the effect winding curve distortion has on a motor’s efficiency while being
operated with pseudo-sinusoidal commutation. To do this, we need to determine the RMS winding
current. Making use of [1.97] and the fact that we’ve already derived the Fourier coefficients of winding
current for this commutation type (equations [1.88] and [1.89]), we can directly write an expression for
the square of the RMS winding current:
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qgms = %i (an + dnz)
n=1

1 (Ve-kOY (k4. Y (k0. ) (ké,. ) (ké.) . (ké, ) [1.105]
== [ 0 J J{_blj +(_a2J +(—sz +(—a4j +[—b4j Fee
B N2 N2
:% [VO_RkﬂJ J{kVT:j (322+b§+af+bj+a§+b§+a$+b$+a§+b§+afo+b120+...)]

This tells us that the first term in the denominator of [1.104] is at its lowest when p(6’) is sinusoidal.

Any non-zero Fourier coefficient above the fundamental frequency tends to increase the winding

A

dissipation. On the flip side, [1.91] tells us the average torque, T, is at its highest when p(6’) is

sinusoidal. Any non-zero Fourier coefficient above the fundamental frequency tends to decrease the
average motor torque. What this all means is the more distorted the winding curves are for a motor,
the lower its efficiency will be when operated using pseudo-sinusoidal commutation.

-16 of 24 -



Appendices

Appendix A - Useful Identities

The following identities are used in many places in the above analysis. These identities are referred to

collectively as orthogonality identities.

Go+2m G+2m

I sin(mp) sin(ng) dé = I cogmy) cofnd)dd= 0 ;n=m VY nmeZ
& %
Go+2m

I sin(mp) co{nv)dd= 0 ;V nmeZ

%

Go+2m o+ 21
[ sin®(no+b)do= [ cod(no+b)do=7 ;V neZ bek
X X

O an(act) - codb) sra)s sift) co) ¥ abe
cos(a+b)= coga) cofb)- sifm) sip) Y abeR
sin® (9) + sir? (6 + 126) + sif(6+ 24@):;
sin(6) - sin(6+ 126) =/ 3sifo - 39
sin(6)- sin(0+ 246) =/ 3sifo+ 3)
sin(0- 30)+ sin(0+ 36)=+/ 3si(¥)
~2sin(6 - 30)+ sifo+ 30)= 3si@+ 12
sin(0- 30)- 2si(0+ 30)=+ 3si+ 249

sin(n-126)+ sir(n- 24@): 0V neZ
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Appendix B - Finding Fourier Coefficients of a Phase-Shifted Function

we’ll first do the math, and then explain why/when it could be useful. Consider a periodic function with
zero mean and period 27 , expressed as a Fourier series:

r(@):ieh sin(nd) + f, co{nv) [1.117]
n=1
Let’s now introduce a phase shift, ¢:
r(9+¢):i%sin(M+n¢)+ f, cogng+ny) [1.118]
n=1

Using the summation identities in Appendix A, this becomes:

r(9+¢):iq1[sin(n0) co{ng)+ cognd) sing) |+ f [ cqew) cfes)- i) ¢iw)] [1.119]
Now grouping terr:;:
r(0+¢)= i[en cog(ng)— f, sin(ng) | sifnd)+| e, sifing)+f, coey)| cgss)  [1.120]

& fn
We can see that this is still in the form of a Fourier series, but with the Fourier coefficients modified.

This can come in quite handy in the following scenario. Let’s say you are given a winding current
waveform as a function of time (either a functional description or actual data points). It is not difficult
to derive the Fourier coefficients in either case by either performing the Fourier coefficient integrals in
the case of a functional description or performing an FFT in the case of time domain data. Of course,
before doing this, you must determine the period of the data. In some cases, this is known before hand
by measuring the motor speed. In other cases, the period can be determined by studying the time
domain data itself. In either case, coming up with the Fourier coefficients is relatively easy. However,
there is the question of how to relate the phase of the data (which is a function of time) to motor
position, 4.

Appendix C - Deriving p(0) from phase-to-phase open-circuit voltage
measurement
Assume what we actually measure is:
Vs (0) =425 =k p(6)- p(6+120) |
Expressing these as Fourier series:
) iah sin(nd) +b, co{nd) -
D A sin(ng)+B, cognv) =kd| "
~ > a,sin(nd+n-120)+b, cognd+n- 120

n=1

= K,é’gah[sin(né’)— sin(ng+n.- 12(‘3)J+bn[ cognd) - cdsw+n- 12@}

Expanding this using the trig summation identities:
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o o sin(nd) - sin cogn- 129 - ¢ sim- 19Dl +
;Asin(n@ﬁBﬂcos{n@):kﬂ;{:’[ () - sin(no) cogn- 120)- cdsw) s 1))}}

[cos(né’)—coin@) cofn- 120+ simd) fn- 1@4]
Grouping terms:

o e [ah(l—cos(n 126))+bn sifin- 12()} simo) +
;Aﬁsm(n@%Bn 005(“9)kﬂ;[[a“sin(n.lzd)mn(l— cobn. 12(())} c¢s0)

Equating summation terms on left and right:
A =a, (1— cos(n- 126))+bn sh(un- 12‘()

B, = -a, sin(n- 12(?)+bn( 1 coén- 12(())
Solving this 2x2 system:

N ZlAq— sin(n-lZ(?) 5 1121)
2 2[1— cos(n- 126)] !
b, :an-‘r sin(n-lZ(?) [1.122]

2 2[1— cos(n- 126)]
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Appendix D - Determining Average Motor Torque from an (almost) Arbitrary
Drive Voltage Waveform Including Winding Inductance
Assume the motor controller forces the drive voltages to be of the form:

Ve =V,a-V; =v(0) [1.123]
Voo =V =V, =v(0+120°) [1.124]
Vea =V -V, =v(0+240) [1.125]
Where:
v(0) = i g,sin(nd)+h, cognv) [1.126]
n=1
By the way, note that the negative of the summation of [1.36] and [1.37] yields:
V.-V, = —[v(9)+v(6’+1203)] [1.127]

Comparing this with [1.38], we realize that in order for [1.36] through [1.38] to be satisfied, the
following relation must be true:

v(9+ 240)) = —[v(@) +v(6’+ 12(9)] [1.128]

It's not obvious (at least to me) if this automatically satisfied for the most general form of V(H) . So

let’s take a look. Note the following:

v(0)+v(0+12(f) 2 sin(n@)+h, co$ng) Zgn S|(1n9+n 12’()+hn c§99+n ?))
:Zwl: sm (ng)+ S|n(n0+n 126)}+h1[ copnd)+ cc(sn9+n 129)}
i sm (n9) + sin(ng) cogn- 120)+ cqsv) s(m- 12))} [1.129]
=} cos(n0 )+ cogno) co(sn 12()— s{m@) S(n 1"2).']

[
i

h,cog(nd)+h, cogn- 120) cqwd)-h, sm- 12p gim)

I
MS iMs ihs

{gnsm (n6)+g, cos(n 126) sifind)+ g, SI(’Y‘I 12() cpsd) }
[

g,+9, cos(n 126 -h, snﬁn 12’0} sime) +[gn m~ 1?))+h1+h1 ((crs fgﬁ) t08)
{gn 1+cog(n: 126 —h, sifn- 12?)} simo) +{gn s{m- 12§)+hn +1 dos f;ﬂ)} (u2)
{ n 1+ cos(n 240 +hn s@n 24‘()} simo) +{—gn s(rm~ 291))+h1 +1 c((ms 2}]}

Rearranging, we see that:

—[v(9)+v(¢9+120’)]=§{—gn[1+ cogn- 24?))}—hﬂ sifn- 24?()} sz(nrm9)+{gn in- 2"4)(}hn[+1 ¢os ?)4}} (89 [1.130]
Also note that:

v(6’+24(f’):§:gn sir‘(n9+n. 24®)+hn C0$n6’+n~ 24)9
:g[gncos(n.24(9)—hn Sinin. 24‘0)} Si(‘h9)+[gn S(nn~ 2ay)+hn ((05 Qﬂ) tos)

Seeing that [1.130] and [1.131] are both in the form of a Fourier series, we can compare their Fourier
coefficients. And we see by inspection that in order for _[V(Q) +V(g +1203)J to equal v(@ + 240)), the

2
L

[1.131]

following must be satisfied:
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g, | 1+cog(n- 248) |=—g, cogn- 249
= gn[1+ Zcos(n- 246)]: 0

h, [1+ cogn- 246)] =-h, cofn- 249

= hn[1+ Zcos(n- 246)]: 0

[1.132]
and

[1.133]

The quantity [l+ 2C05(n- 246)] equals zero for n=1,2,4,5,7,8,.. Butitis nonzero (equal to 3)

for n=3,6,9,.. So the only way to satisfy [1.132] and [1.133] for N=3,6,9,.. is for:

g,=h,=0;n=3,6,9,.. [1.134]
What this means is that by assuming the drive voltages satisfy [1.36] through [1.38], we are actually
imposing constraints on the function V(H) .

Performing KVL from the A phase to the B phase (including the winding inductance):

di, . . di
Vg :Ld—€+|AR+8A—8B—IBR—Ld—$ [1.135]
And from phase B to C:
diy . . di,
VBC :LE—FIBR—’_&‘B_&‘C_ICR_LE [1.136]
Rearranging these:
d, . .
LE(IA—IB)—FR(IA—IB):VAB—sA—i-sB [1.137]
d, . .
LE(IB—IC)-FR(IB—IC):VBC—8B+6‘C [1.138]
Introducing two new variables:
a=i,—ig [1.139]
B=ig—ic [1.140]
Rewriting [1.137] and [1.138] in terms of these:
L?j—erRa:VAB—gAJrgB [1.141]
L(ij—’tBJr RB =Vg. —&5 +&¢ [1.142]

Note these are two independent first order ODE’s. However, the independent variable in them is time,
while the forcing functions (on the right) are functions of . However, time and position are related
(we’ll assume by a constant velocity), so we can either express the forcing functions as functions of time,
or convert the independent variable to . We'll elect to do the latter. Note that:
da do df do P
a doé dt do
Using this to rewrite the ODE’s:

[1.143]
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Lez—gma Vg —Ea+Eg [1.144]
1.(6)

d’B ——+RfA =V, —€5 +&. [1.145]
d@ —_—

f5(0)
Looking first at [1.144], if the forcing is of the form:
f, (€)= Asin(w8)+B cogwb),

Then the steady state solution (after transient response has died out) is:

a(6)=C(o)-sin(wf)+D(w)- cofwb), [1.146]
where:
C(a) _ AR+ BI-_6’a)2
g +(L6’a))
~ALfo + BR
D(o)=————7
R +(L6’a))
In our case, the forcing function is given in terms of a Fourier series:
f, ()= Zx ,sin(nd)+y, , co{no) [1.147]

And we're taking advantage of superposition to determine the output. In other words, we use [1.146]
to determine the output corresponding to each term in the summation in [1.147]:

R LE L

a,(0)= Xan T y“_'” fn -sin(n@) — 6o + Yo cos(n@) [1.148]
R*+(Lén) R2 +(L9a))
And the total output is simply the sum of all of these:
«(0)= X, (0)
: [1.149]
i R L -x L R
= = YO sin(ng)+ Xenl 00 * Yoy coy{nv)

2 - 2
= +(L6’n) R +(Léw)
We see by inspection that [1.145] is the same ODE as [1.144] with just a different forcing function. So if
its input function is given by:

f,(6)= i X, ,sin(n6)+y,, co{nd), [1.150]
then its output is gni:\ien by:
5(6)=5,(6)
REY, .Lén

> sin(ng) +

n=1 +(L0 )

’ [1.151]

coynv)

~X,,L00 +y, R
R? +(L6’a))2
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But what good are & and [ to us? What we care about are the three winding currents. We can

combine [1.139] and [1.140] with conservation of current to form a system of three equations in three
unknowns:

Iyl =a
ic =8 [1.152]
iy +ig+ic =0

The solution to this system is:

A:%IBJ%QZ% [1.153]

B:%ﬂ_%a:ﬂ—;“ [1.154]

c :—éﬂ—%a:—% [1.155]
Plugging [1.149] and [1.151] into[1.153], we can express iA as

B 1 A g LTSI S gy (150

We can combine the two summations:

i :i gxaynR+ya:nL20n+71x R+yan0n sin(no)+ oLOD+Y, R+ 1-X, L0a)+yﬁn co(n9)
R+(Lon) 3 R+ (LHn) R2

(LHa)) 3 R+ (LHa))

2-x

3
X, .R+Y,,L0n x, R+y, Lon X, LOo+y, R a0+
a,n ya,n + yp‘n ‘|S|n ng 1[ @ y + @ yp‘n

- [1.157]
=)= 0

23 Rea(iony | Rex(Lon) 3|7 R(L) | R (Ldo) 1 o4)
_ }_Zx“R+ 2y, LOn+x, R+ yﬁnLQn _ -2X, L0+ 2y“R G aLO0+ Y, R cos(n9)

n:13_ R2+(L0n) "3 (LH@)

18 _2x“R+ 2y, LOn+x, R+y, LOn| -2x, Lo+ 2y, R—x, LOo+y, R
:}i R(2xayn+xﬁvn)+ LH_n(ZZYa,nerp,n) sin(nd)+ —Laa)(2><ayn+xﬁvn)fR(22yayn+yﬁvn) cos(no)

3 I R*+(Lén) ? +(Lbo)

Rewriting for the last time:

Zn: 1 (2Xa,n+xﬁ,n)+ Lé_n(ZZyayn+yﬁvn) sin(ng) + 1 Lga)(Z(a,n_'—Xﬁ,n)-'jR(Zz}lzz,n-'—yﬁ,n) cos(nv) [1.158]
=3 R*+(Lon) 3 R+ (L0w)

Note that we have expressed i, in terms of its Fourier series, with the sine and cosine coefficients in
square brackets. Summarizing on the following page:
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Vig=V(0) Ve =v(0+120)  V,, =v(0+240)

v(@):ggnsin(ne)er co{nv) ;(g,=h,= 0fom= 3,6,9,.)

en=ko p(6) g5 =k o p(0+120) gc =kg- p(6+240)
p(@):Zw;ansin(nH)ern co{nv) ;(a,=1p= 0
f,(6)=Va—a+6s= i X, ,sin(nd)+y,, co{no)

f,(6)=Vac —&s +&c = i X, ,Sin(n)+y,,, co{nd)
n=1

1 —L@a)(Zxayn + X,b’,n) + R( Y0t yﬁ,n) cOS(nQ)
3

R + (L@a))z

Lol R(ZXM+xﬁvn)+L9n(2yavn+yﬁvn) )
IA_nz:; 3 R2+(L9n)2 sin(ng)

As a sanity check, note what happens as the ratio (L/R) approaches zero (i.e. the winding inductance
becomes negligible). In this scenario, iA simplifies to:

i, :3_1R nool(men + Xy ) SIN(N0) +( 2, + Y, ) cOENO)

Now expanding X, , and X, . :
X, . =0,-koa,+ kﬂ'[ah cos(n- 12(9)—bn sirﬁn- 12‘@]
=g,+ ahlgﬁ'[—lJr cos(n- 126)] ~-b k6 sh(nn- 1Z{>

o [ocodn 120)-h sk 1]-0fs, ofe 1pn, dn ekoa fos Y (0
~g.cofn 120)-, sifn- 12)+ako[- ofe 1 dom Bhenid[ @ Po (an o
Combining:

ey + X = 28, +aﬂk,9[—2+ 2cogn- 125)}— b, B0 sim- 139+g, cps 1%6-h,  6in i’.)z@aﬂk,é[— (oos  °}20 (mos °)§4(1‘)nk,é[ (nsin %220 (n-siﬁ)‘ﬂz
:[2+ cogn- 128)]gn—hﬂ sifin- 12Q+aﬂk,9[— 2 2cos- 120 dos  1pecos(n- 24(9)]+bnk,9[ siin- 128)- sim- 249-  2gin- ﬂ)q
:[2+ cogn- 128)]gn—hﬂ sifin- 12Q+aﬂk,9[— 2 cfn- 12+ dos 24)1]} bnk,s[ (sin %20 (wsin 0?}0
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